

















On the Maxwell Lagrangian in the purely affine gravity
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The aﬃne Lagrangian for linear electrodynamics, that has the form of the Maxwell Lagrangian
in which the metric tensor is replaced by the symmetrized Ricci tensor, is dynamically equivalent to
the metric Einstein–Maxwell equations. We show that this equivalence is related to the invariance
of the Maxwell Lagrangian under conformal transformations of the metric tensor.
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The Eddington purely aﬃne Lagrangian for the gravitational ﬁeld [1], proportional to the square root of the
determinant of the symmetrized Ricci tensor, is equivalent to metric Einstein–Hilbert Lagrangian density of general
relativity with the cosmological term [2]. In the aﬃne formulation of gravity, the connection is the fundamental
variable, analogous to the coordinates in relativistic mechanics. Consequently, the curvature corresponds to the four-
dimensional velocities, and the metric corresponds to the generalized momenta [3]. Ferraris and Kijowski showed
that the metric and aﬃne formulations of gravity are mathematically and physically equivalent [4]. They also found
that the purely aﬃne Lagrangian for the electromagnetic ﬁeld, that has the form of the Maxwell Lagrangian in which
the metric tensor is replaced by the symmetrized Ricci tensor, is dynamically equivalent to the Einstein–Maxwell
Lagrangian in the metric formulation [5]. This equivalence was proven by transforming to a reference system in which
the electric and magnetic vectors (at the given point in spacetime) are parallel to one another. Such a transformation
is always possible except for the case when these vectors are mutually perpendicular and equal in magnitude [6]. This
case, describing for example a plane electromagnetic wave, was examined in [7] and completed the proof. In this letter,
we show that this equivalence results from the invariance of the Maxwell Lagrangian under conformal transformations
of the metric tensor.
The condition for a Lagrangian density to be covariant is that it must be a product of a scalar and the square root
of the determinant of a covariant tensor of rank two [1, 2]. In the purely aﬃne gravity, such a Lagrangian depends
on the aﬃne connection Γ ρµ ν and additional matter ﬁelds ψ, L = L(Γ
ρ
µ ν , ψ). Since the connection is not a tensor, it
must enter the Lagrangian via the traces of the curvature tensor. The simplest choice is to assume that the aﬃne
Lagrangian density depends only on the symmetric part R(µν) of the Ricci tensor:
Rµν = Γ
ρ
µ ν,ρ − Γ ρµ ρ,ν + Γ κµνΓ ρκ ρ − Γ κµρΓ ρκ ν . (1)
The metric structure associated with a purely aﬃne Lagrangian is generated as the derivative of the Lagrangian
density with respect to the Ricci tensor [1, 2, 5, 7]:
g
µν = −2κ ∂L
∂Rµν
, (2)
where gµν is the fundamental tensor density. Since L = L(R(µν), ψ), we have δL = − 12κgµνδR(µν) = − 12κg(µν)δRµν .
Consequently, the derivative of the Lagrangian density with respect to Rµν is identical with the derivative of the
Lagrangian density with respect to the symmetrized Ricci tensor R(µν), and the tensor density g
µν is symmetric. The





and the covariant metric tensor gµν is deﬁned as the tensor reciprocal to g
µν [8].






δS = − 1
2κc
∫
d4x gµνδRµν , (4)
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1 We have to assume det(gµν ) 6= 0.




µ ν;ρ − δΓ ρµρ;ν − 2SσρνδΓ ρµ σ, (5)
where Sρµν = Γ
ρ





σν + ∗Γ νρ σg
µσ − ∗Γ σσ ρgµν = 0, (6)






µSν (Schro¨dinger’s star-aﬃnity) and Sµ = S
ν
µν is the torsion vector.
2 Because the fundamental
tensor density gµν is symmetric, from Eq. (6) it follows that the star-aﬃnity is the Christoﬀel connection of the metric
tensor [8]:
∗Γ ρµ ν = { ρµ ν}g. (7)
An arbitrary vector Sµ can be set to zero, leading to general relativity.
If we apply to L the Legendre transformation with respect to R(µν) and deﬁne the “Hamiltonian” density H:












The analogous transformation in classical mechanics goes from a Lagrangian L(qi, q˙i) to a Hamiltonian H(qi, pi) =
pj q˙j − L(qi, q˙i) with pi = ∂L
∂q˙i




From Eq. (9) it follows that
2κδH = R(µν)δg





where R = Rµνg
µν and g = det(gµν). The Einstein equations of general relativity imply that H is the Lagrangian
density for matter in the metric formulation of gravitation. Eq. (8) yields L=H− 12κR
√−g, from which it follows that
− 12κR
√−g is the metric Lagrangian density for the gravitational ﬁeld, in agreement with general relativity. Thus, the
aﬃne and metric formulations of gravitation with L depending on the aﬃne connection via the symmetric part of the
Ricci tensor are dynamically equivalent [4].3 The aﬃne formulation deﬁnes the metric tensor as the derivative of the
aﬃne Lagrangian density with respect to the Ricci tensor, obtaining the algebraic relation between these two tensors,
and derives the ﬁeld equations by varying the action with respect to the connection, which gives the diﬀerential
relation between the connection and the metric. The metric formulation sets the connection equal to the Levi-Civita
connection of the metric tensor, and derives the ﬁeld equations by varying the action with respect to the metric.










2 The only solutions of the field equations (6) that correspond to physical fields are those for which the fundamental tensor density gµν
has the Lorentzian signature (+,−,−,−) [4]. This is guaranteed by our assumption det(gµν ) 6= 0.
3 This equivalence can also be proven for purely affine Lagrangians that depend, in addition to R(µν), on R[µν] and the second Ricci
tensor Rρρµν [9, 10].
3in which the covariant metric tensor is replaced by the symmetrized Ricci tensor R(µν). Accordingly, the contravariant












which yields R = 0 and, due to Eq. (8), H = L. The Lagrangian (11) is dynamically equivalent to the Lagrangian (12),
i.e. H = HEM is equivalent to L = LEM . This can be demonstrated by showing that the identity√
−det(R(µν))FαβPαρP βσ =
√−gFαβgαρgβσ (14)
is valid in the frame of reference in which the electric and magnetic vectors (at the given point in spacetime) are
parallel to one another [5], and for the special case when they are mutually perpendicular and equal in magnitude [7].4
The equivalence of the Lagrangians (11) and (12) is related to the invariance of the latter under conformal trans-
formations of the metric tensor,5
gµν → g˜µν = Θ(xρ)gµν . (17)
The transformation (17) yields:
gµν → g˜µν = Θ−1gµν , (18)
√−g →
√
−g˜ = Θ2√−g, (19)
g
µν → g˜µν = Θgµν , (20)
and the Lagrangian (12) is conformally invariant:
H→ H˜ = H. (21)




For the Maxwell Lagrangian, the second term on the right-hand side of Eq. (22) vanishes, giving the transformation
rule for the symmetrized Ricci tensor:
R(µν) → R˜(µν) = Θ−1R(µν). (23)
Consequently, we ﬁnd:











4 If we would like to show this equivalence generally, without transforming to a particular reference system in which the calculations are







PµνPβσ − PµβP νσ
!
PαρFαβFρσ, (15)
and encounter the difficulty of taking the determinant of the right-hand side of Eq. (15).
5 The invariance of the Lagrangian (12) under a conformal transformation (17) is related to the fact that the trace T of the dynamical
energy-momentum tensor of the electromagnetic field vanishes. Since the energy-momentum tensor Tµν is generated from the matter






√−g Tµνδgµν , (16)
the action is invariant under an infinitesimal conformal transformation δgµν = g˜µν − gµν = (Θ−1 − 1)gµν only if T = Tµνgµν = 0.
4is invariant under the transformation (23).
We know that for any matter Lagrangian in the metric formulation there exists the corresponding Lagrangian in
the aﬃne formulation [4]. We also know that the aﬃne Lagrangian density that corresponds to the metric Maxwell
Lagrangian must be, in order to give the ﬁeld equations of linear electrodynamics, a quadratic function of the
electromagnetic ﬁeld tensor Fµν . Finally, the aﬃne Lagrangian density for the electromagnetic ﬁeld must be invariant
under the transformation (23). Since a quadratic function of the electromagnetic ﬁeld tensor has four covariant
indices, we need to contract it with a function of the symmetrized Ricci tensor that is a fourth-rank contravariant
tensor density. The tensor density (26) is the only function which satisﬁes this condition and is invariant under the
transformation (23). Therefore, the purely aﬃne Lagrangian density for the electromagnetic ﬁeld is proportional to
T
αρβσFαβFρσ, as in Eq. (11). The factor −1/4 in Eq. (11) can be derived by the explicit calculation in a reference
frame in which the electric and magnetic vectors are parallel [5].
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